We examine the phenomenon of negative refraction using wave packet propagation. The behavior of a single plane wave incident from vacuum onto a flat surface of a medium with a negative index of refraction is solved analytically. The solution requires matching electromagnetic field components across the interface and produces a reflected and a refracted wave in addition to the incident wave. We form by numerical integration a ͑Gaussian-weighted͒ linear combination of these solutions. Pictures and videos that illustrate the resulting wave packet motion are presented for a variety of parameter choices.
I. INTRODUCTION
There has recently been intense interest in whether an electromagnetic beam coming from vacuum can undergo negative refraction as it enters a medium. This behavior would be characterized by assigning to the medium a negative index of refraction, n, so that in Snell's law 1 sin i ϭn sin r , ͑1͒ a positive incident angle i and negative n would imply a negative refracted angle r . The beam would not cross over the surface normal as it refracts into the material. The idea that negative refraction might be possible dates back nearly 40 years to some theoretical papers by Veselago. 2 Only in the last few years have experimental reports appeared, [3] [4] [5] [6] which have stimulated a flood of theoretical studies. A subset of this literature is cited here [7] [8] [9] [10] [11] [12] [13] with a longer list available in Ref. 14. As this rush is ͑perhaps͒ subsiding, 15 we offer an heuristic contribution.
Our goal is to develop and present simple model calculations that illustrate the basic phenomenon. The strategy is to construct a localized, drifting wave packet in vacuum and then follow its evolution in space and time as it encounters the flat surface of a negative index medium. Our methods ͑slightly͒ extend textbook discussions, such as Chapter 7 in Ref. 16 or Chapter 2 in Ref. 17 . The calculations are straightforward and should be easy to reproduce.
In Sec. II we derive the basic equations and introduce the simplified dispersion relation we use inside the negative index medium. The subtle questions about how to match solutions between the vacuum and the negative index medium are explicitly discussed. In Sec. III we present a series of calculations of wave packet motion in one and two dimensions. Various still frames are shown, but videos are an important part of the presentation, which may be accessed through EPAPS.
14 Although one can appreciate what is happening from the algebra and the still frames, the videos really bring the subject to life.
II. WAVE PACKET DERIVATION
We start with the integral The real part of this complex-valued identity is shown in Fig.  1 . If we take c as the speed of light in vacuum and interpret x and t as position and time, then the left-hand side of Eq. ͑3͒ represents a wave packet with a Gaussian envelope that drifts ͑rigidly͒ to the right. From the right-hand side of Eq. ͑3͒, this result arises from a linear superposition of plane wave solutions in vacuum, each described by wave vector k and ͑angular͒ frequency with ϭkc. Both the phase velocity, /k, and the group velocity, ‫,‪k‬ץ/ץ‬ equal c.
To describe what happens to the wave packet when it encounters a second, semi-infinite medium, we need only to modify the plane wave factor e ikx . We assume that the flat interface is at xϭ0 with the incident packet coming from x Ͻ0, replace k→k v on the right-hand side of Eq. ͑3͒, and take
where r and t are the reflection and transmission amplitudes, k v is the incident wave vector in vacuum, and k m is the transmitted wave vector in the material.
To obtain these parameters, we need to incorporate Maxwell's equations. Initially we will assume one-dimensional ͑1D͒ motion along the interface normal x. We choose the y(z) axis along the transverse electric ͑magnetic͒ field direction. The real part of Eq. ͑4͒ represents E y (x,t)/E 0 and the analogous equation for B z (x,t)/B 0 is obtained by the replacement Ϫr→ϩr and t→tk m /k v . The requirement of continuity of E y and H z across xϭ0 yields
where r ϭ/ 0 , 0 is the permeability of free space, and () is the permeability of the ͑presumed isotropic͒ medium.
There remains the choice of k m . From Maxwell's equations we obtain
where ⑀ r ϭ⑀/⑀ 0 , ⑀ 0 is the permittivity of free space, and ⑀() the permittivity for xϾ0. The second part of Eq. ͑6͒ defines the index of refraction to within a sign. Once we decide how to choose this sign, k m /k v can be replaced by n and the result substituted into Eqs. ͑5͒ and ͑4͒ and integrated over k v via the extension of Eq. ͑3͒. In this paper we shall explore the implications of the simplifying assumption that
where p is a fixed ͑plasma͒ frequency. For Ͻ p both ⑀ r and r are negative, and as we shall show, the medium has a negative index. We stress that Eq. ͑7͒ is introduced as an heuristic simplification. Once it is understood how negative refraction arises for such a case, it will be relatively easy to understand its origin for more realistic constitutive relations. If we substitute Eq. ͑7͒ in Eq. ͑6͒, we find
that is, two possible k m for each . The appropriate one to use in Eq. ͑4͒ is determined by the requirement that the group velocity, ‫‪k‬ץ/ץ‬ m , should be positive to guarantee that flux is carried away from the interface and into the medium at xϾ0. A graphical illustration of the proper choice for k m is given in Fig. 2 .
which implies that 
͑10͒
We see that n is positive ͑negative͒ for greater ͑lesser͒ than p .
We postpone the numerical evaluation of the 1D wave packet until Sec. III, and instead extend the formal analysis to two-dimensional ͑2D͒ motion. We need a 2D k-space integral, so k v →k v ϭ p v x ϩqŷ in Eq. ͑3͒. The x -y plane becomes the plane of incidence. We choose the electric field to be perpendicular to this plane and write the extension of Eq. ͑4͒ as
From Faraday's law the corresponding magnetic field is
where the triplets in parentheses represent the x, y, z components. Note that these waves have the same value of and q on both sides of the interface. This insures that if a wave is properly matched across xϭ0 when yϭ0ϭt, then it will be properly matched across xϭ0 for all y and t. The requirement of continuity of E z and H y yields
as the extensions of Eq. ͑5͒. For the incident and reflected partial waves we have
where i is the angle of incidence of k v .
The remaining question is what to use for p m . If we combine Eqs. ͑11͒ and ͑12͒ in Ampere's law, we obtain Eq. ͑6͒ or
is readily solved for the constitutive relations of Eq. ͑7͒, as illustrated in Fig. 3 where we have plotted versus the real part of p m . If p m 2 is positive, we choose the sign of p m so that the component of the group velocity along the normal is directed away from the interface; that is, ‫‪p‬ץ/ץ‬ m Ͼ0. A new feature that arises is a range of where p m 2 Ͻ0, which we call a gap. In the gap p m is purely imaginary and should be chosen to be positive imaginary in order that the waves in Eqs. ͑11͒ and ͑12͒ decay as they penetrate into xϾ0. For this case there is total reflection because ͉r͉ ϭ1.
Consider now Snell's law, which arises from the choice of a common qϾ0:
Our procedure is to first determine the sign of the refraction angle r and then use Eq. ͑1͒ to set the sign of n. We recall that for a wave packet built from a continuum of plane waves near k in an isotropic medium, the phase and group velocities are
where Ͼ0, k is a unit vector along k, and k is the magnitude of k. Thus v g is parallel ͑antiparallel͒ to v p when ‫‪k‬ץ/ץ‬ is positive ͑negative͒. For frequencies above the gap, p m is positive and the phase and group velocities are parallel for xϾ0 and directed away from the interface. Hence r Ͼ0, by the usual convention, and nϾ0. For frequencies below the gap, p m is negative and the phase and group velocities for xϾ0 are antiparallel, with only the group velocity directed into xϾ0. Hence both r and n are negative. Note that the definition for n used here yields the same result as found from Eq. ͑6͒ and the construction in Fig. 2 . 20 The magnitude of n is set simply by ͉k m ͉/͉k v ͉, but for its sign we need the direction ͑although not the magnitude͒ of v g .
We end this section with a brief discussion of extensions of our model. The first possibility is to allow for dissipation. For example in Eq. ͑7͒ we could replace 2 →(ϩi/), where 1/ is a scattering rate. The only formal change this replacement makes in the wave packet calculation is that the rule for choosing p m is simplified: at all frequencies we want the solution of Eq. ͑15͒ with the imaginary part of p m to be positive. For small 1/ p , this change does not remove regions where nϽ0. For larger 1/ p , a description in terms of Snell's law loses its physical meaning ͑because n and r acquire significant imaginary parts͒, although the recipe for p m remains meaningful and the evolution of the wave packet can be readily calculated. Examples are shown in Sec. III.
Another extension is to allow ⑀ r and r to have a distinct and more complicated ͑realistic͒ dependence on frequency. We leave this extension for the interested reader to pursue in detail, and note only that the general prescription we have presented here should still apply. The key for the negative index behavior is that the dispersion relations have the qualitative feature shown in Fig. 2 that ‫‪k‬ץ/ץ‬ be negative over a range of . Negative refraction also has been observed in photonic crystals and its understanding has developed in parallel to that for the negative index of metamaterial media. [21] [22] [23] [24] [25] [26] [27] As the surfaces of constant frequency in k space distort from spherical, the matching calculation at a surface becomes more complicated, but the principles remain the same.
III. WAVE PACKET EVALUATIONS
We begin with the 1D case and choose k 0 c/ p ϭ1/& and p a/cϭ20 in Eq. ͑3͒. Figure 4 shows the wave packet of the electric field approaching the interface. Note that E y is continuous, but its slope is discontinuous across xϭ0. The latter property arises because ‫ץ‬E y /‫ץ‬x is proportional to B z , which is discontinuous due to the jump in the permeability. Another remarkable feature is that there is no reflected packet as follows from Eqs. ͑5͒ and ͑10͒:
This special 1D ͑normal incidence͒ property makes it easy to track the motion of the incident wave. The largest positive peak in E y /E 0 is located at p x/cϭϪ30 when p tϭϪ30. It and the whole incident packet simply shift by p ⌬x/c ϭ10 for every increment of p ⌬tϭ10. The transmitted packet is more difficult to analyze. In Fig.  5 we show its evolution for smaller increments in time. It is obvious that the points of constant phase are drifting to the left. Their velocity is close to Ϫc, which is what one finds by using the index n 0 ϭϪ1 for the center of the wave packet. The motion of the packet's envelope for xϾ0 is re- vealed in Fig. 6 . We see that it is to the right but at a reduced speed of approximately c/3. If we differentiate Eq. ͑9͒, we obtain
which becomes c/3 at 0 / p ϭ1/&. We can animate 14 the still frames shown in Figs. 4 -6. The backward ͑forward͒ motion of the phase ͑envelope͒ of the transmitted wave packet is obvious and striking. Note too that over the spatial range exhibited, there is little reduction or distortion of the envelope. In Fig. 6 and a second animation 14 we show how the introduction of a weak dissipation with p ϭ100 leads to damping of the transmitted packet. The phase and group velocities are scarcely affected.
We now turn to motion in 2D. We want the incident packet to have some asymmetry but to be aligned with the incident direction defined by the unit vector k v (0) , which makes an angle i with the surface normal. A general incident wave vector is written as kϭk 1 k v (0) ϩk 2 (ẑ ϫk v (0) ) and its Gaussian weight is (a 1 a 2 /2 )exp͓Ϫ(k 1 Ϫk v
) 2 a 1 2 /2Ϫ(k 2 a 2 ) 2 /2͔. We start with p a 1 /cϭ20 and a 2 ϭa 1 & so that the packet is slightly broader in the direction transverse to its incident trajectory. We further choose k 0 c/ p ϭ0.5 and i ϭ45°. Note that there are some technical limits to these choices. The p v and q discussed in Sec. II are given by
qϭk 1 sin i ϩk 2 cos i . ͑20b͒ Because the form of the waves we are combining in Eqs. ͑11͒ and ͑12͒ makes physical sense only if p v Ͼ0, we cannot allow k 1 to be too small or k 2 too large. In turn these constraints imply restrictions on k v (0) , a 1 , and a 2 . We must insure that there is negligible Gaussian weight when p v Ͻ0. Finally, we remark that we shall treat only the polarization analyzed in Sec. II, with E z normal to the plane of incidence. For the symmetric assumption of Eq. ͑7͒, H z for the orthogonal polarization is, aside from a scale factor, the same function of space and time.
To be specific about what needs to be calculated for 2D motion, we explicitly show the required integrals:
͑21͒
where The primary numerical challenge is to calculate E z /E 0 on a sufficiently fine mesh in x, y, and t and then to present the massive data in an understandable form.
In Fig. 7 we show the shape of the incident packet. Because we are now plotting in 2D, less detail for the packet is shown. Instead of ''points,'' we shall refer to ''bands'' of constant phase. This language should be adequate to describe the qualitative features of the packet's evolution. The vertical axis is the boundary between vacuum and a material ͑that is, xϭ0), while the horizontal axis is the surface normal. The range of x and y is between Ϫ140 and ϩ139 times c/ p . This field of view is used in all our 2D plots. In the greyscale plot we use white whenever ͉E z /E 0 ͉ is less than 1% of its maximum value. This choice suppresses noise far from the packet due to inaccurate integrals. However, it also produces dots and strips of white within the packet close to where E z changes sign. The location and extent of these structures ͑along a line of E z ϭ0) are arbitrary and should be ignored. There are similar anomalies in the movies where the background is dark. We have superimposed a white disk over the ͑classical͒ center of the packet. This disk moves along the classical trajectory. Everything in Fig. 7 ͑the envelope, the bands of constant phase, and the center disk͒ moves at the vacuum speed of light until the packet begins to overlap the material for xϾ0. We first let this material be glass, with a frequency independent index of nϭ1.5. Figure 8 shows the packet at the instant when the center disk has just reached the interface. The bend in the bands of constant phase across xϭ0 is obvious as the packet undergoes the familiar positive refraction into the glass. Note the smaller wavelength ͑as evidenced by the width of the phase bands͒ for xϾ0, and the initial indication of a reflected packet emerging from the backside of the incident packet. Figure 9 shows the situation when both the reflected and transmitted packets are fully formed and moving away from the interface. The reflection and transmission amplitudes for nϭ1.5 are rϭϪ0.11 and tϭ0.89, so the reflected packet is considerably weaker than the transmitted packet. There are now two center disks. The one in vacuum moves at c along a line at 45°from the surface normal, while the one in glass Fig. 7 . Single frame for an incident packet at p tϭϪ110 before it reaches the interface which runs vertically through the center. The profile of E z /E 0 is plotted in greyscale. The bands of constant phase are perpendicular to the direction along which the packet moves and aligned ͑by design͒ with the long axis of the packet. ͓sin(45°)/1.5͔. In both packets the envelope and phase bands move at a common speed, so the images in Fig.  9 rigidly drift away from xϭ0. The packet's evolution in Figs. 7-9 is available in a third animation.
14 It represents the standard behavior from which we are looking for deviations.
We keep the same incident packet parameters and let the material in xϾ0 have a negative index. Figure 7 is unchanged, but Fig. 8 is replaced by Fig. 10 . On the vacuum side of the interface the packets in Figs. 8 and 10 are quite similar, but they are dramatically different for xϾ0. The bands of constant phase are now bent upward ͑beyond the horizontal͒ as the interface is crossed, their spacing is smaller, and they are not aligned with an axis of the refracted part of the packet. Furthermore, they move backward as shown in the fourth animation.
14 This qualitative behavior is the same as illustrated in Fig. 5 . While the phase bands of the incident packet move ͑along with its envelope͒ toward the first quadrant, those of the refracted packet move toward the second quadrant, even though its envelope is moving into the fourth quadrant. Figure 11 is the analog of Fig. 9 . Again although the reflected packets are similar, the refracted packets are distinctly different. For our choice of 0 / p ϭ0.5, the index is nϭ Ϫ3, so the phase and group velocities are in opposite directions. From Eq. ͑17͒ we find for the negative index medium v p ϭc/3 and v g ϭc/5. The angle of refraction is Ϫ13.6°ϭ sin Ϫ1 ͓sin(45°)/(Ϫ3)͔. In placing the center disks we have made no allowance for a time delay during the reflection/refraction process. The refracted disk starts at the origin at tϭ0 and moves at fixed v g along the direction of refraction for tϾ0. The fact that this classical recipe keeps the disk near the visual center of the wave packet is remarkable.
The refracted packet's envelope has been considerably distorted. It still is roughly elliptical, but the ratio of its axes has changed and neither is aligned with the refraction direction, as occurred in Fig. 9 . However, the packet persists as a clear entity. In Fig. 12 we show a frame at a much later time, about 40 periods (2/ 0 ) after tϭ0. The reflected packet has moved out of the field of view, while the refracted packet continues to drift slowly down into the fourth quadrant. It has broadened significantly compared to Fig. 11 , but is still well defined.
We next consider different parameter choices for the incident packet. These values must be chosen with care if we which implies that p m 2 ϭ0 along the pair of curves
.
͑25͒
These curves are plotted in Fig. 13 and represent the boundaries of the gap region within which reflection is total. On the same plot we have drawn several arcs to show how p v and q vary with the angle of incidence at fixed incident frequency. As is increased toward p , the incident beam direction must be moved closer to the normal to avoid the boundary of Eq. ͑25͒. With these considerations in mind, we now choose for the incident packet 0 / p ϭ1/&, i ϭ20°, and p a 1 /cϭ30, but keep a 2 ϭa 1 &. By increasing the packet's width in real space, we reduce its width in wave vector space and also lessen the effects of dispersion. Figure 14 shows the packet at tϭ0. The phase bands form symmetric vees centered on xϭ0. The symmetry arises because nϭϪ1. Hence the refracted wavelength equals the incident wavelength, v p ϭc, and the angle of refraction is Ϫ20°. The refracted packet still appears somewhat squashed compared to the incident one because its group velocity is less: v g ϭc/3. Figure 15 shows the packet after the refracted part has separated from the interface. Its appearance is qualitatively similar to Fig. 11 . The striking change is that there is no reflected packet. For nϭϪ1, p m ϭϪp v so from Eq. ͑13͒ r ϭ0, for any angle of incidence! This special behavior at n ϭϪ1 was noticed by Veselago, 2 and underlies several of the proposed applications of negative index media. The evolution of the packet is shown in a fifth animation. For our final example we use 0 / p ϭ0.8, i ϭ10°, and p a 1 /cϭ30 with a 2 ϭa 1 &. For this case nϭϪ9/16 so the magnitude of the refracted angle r is greater than i and the wavelength is larger in the negative index medium than in vacuum. Figure 16 shows the packet at tϭ0. Although the wavelength of the refracted piece increases, the spatial extent of the packet in xϾ0 is less than in xϽ0 because v g /c ϭ16/41.
As Fig. 17 illustrates, there is now a weak reflected packet (r (0) ϭϪ0.017) and the refracted packet moves along r ϭsin Ϫ1 ͓sin(10°)/(Ϫ9/16)͔ϭϪ18.0°. ͑See the sixth animation in Ref. 14.͒ In summary, we have shown how a wave packet description allows an accessible and transparent picture of negative refraction. On the experimental side, the fundamental new feature is that metamaterials exhibiting a negative index can now be assembled.
3,5,6 On the theoretical side, which has been our focus, no new principles of optics are needed, only a careful application of known prescriptions. In the examples considered here we have purposely avoided packets that contain ͑many͒ waves close to or beyond the total reflection boundary in Fig. 13 . For the curious, we have included several additional videos that show what happens when this restraint is ignored, specifically by increasing i at fixed 0 . 
